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Approximate Bayesian
computation and Sequential
Monte Carlo

Concept of ABC
• Suppose we have a model that is amenable to simulation but
without a closed form for the likelihood
• How can we recover the most likely set of parameters for the model
that led to the observed data?
• Examples: biological models (mutation of bacteria), epidemiology
(propagation of diseases)
• Aim: Making Bayesian inference in a model with intractable
likelihood L(y |θ):
p(θ|y ) ∝ L(y |θ)p(θ),

(1)

but simulation of y |θ is possible.
• Solution: Introduce distance δ(·, ·) between simulation y and
observed y ∗ , keep y that are close enough for a given θ
• See [Marin et al., 2012] for a review
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Concept of ABC

Algorithm [Beaumont et al., 2002]:
For i ≤ N:
1. Simulate θi ∼ p(θ) from the prior
2. Simulate yi ∼ L(y |θi ) from the model
3. Accept θi , yi with probability K (δ(yi , y ∗ ))
Result: θi , yi |y ∗ ,  ∼ L(y |θ)p(θ)K (δ(y , y ∗ )),
correct sampling if  → 0,
Use simulations to approximate Ep(θ,y |y ∗ ,) [Φ(θ, y )] ≈

1
N

P

i

Φ(θi , yi )
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Sequential Monte Carlo (SMC) and ABC
Sequential setup: Use previous steps to guide the simulation towards
regions of high posterior probability, reduce t at every iteration, see
[Sisson et al., 2007, Beaumont et al., 2009]
Importance sampling: we want to approximate the integral
Ep(θ,y |y ∗ ,t ) [Φ(θ, y )]
• Target: L(y |θ)p0 (θ)Kt (δ(y , y ∗ )), proposal: L(y |θ)pt (θ)
• Weight: K̂t (δ(y , y ∗ )) =

p0 (θ)Kt (δ(y ,y ∗ ))
pt (θ)

• Auto-normalized estimator:
PN
1
∗
i=1 Φ(θi , yi )K̂t (δ(yi , y ))
N
→N Ep(θ,y |y ∗ ,t ) [Φ(θ, y )]
P
N
1
∗
i=1 K̂t (δ(yi , y ))
N

(2)

• Use a sequence of 0 > · · · > t and an adaptable proposal pt (θ)
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Sequential Monte Carlo (SMC) and ABC

Algorithm [Sisson et al., 2007, Beaumont et al., 2009]:
For time t ≤ T :
For particle i ≤ N:
1. Simulate θit ∼ pt (θ) from the proposal
2. Simulate yit ∼ L(y |θit ) from the model
3. Accept θit , yit with probability K̂t (δ(yit , y ∗ ))
4. Construct pt+1 (θ) based on accepted θit
Return

1
N

T
T
T
∗
i=1 Φ(θi ,yi )K̂T (δ(yi ,y ))
PN
1
T
∗
i=1 K̂T (δ(yi ,y ))
N

PN
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Quasi Monte Carlo

Monte Carlo and Quasi Monte Carlo point sets

Figure 1: 256 uniform Monte Carlo and quasi Monte Carlo points on [0, 1)2

•
•
•
•

R
Aim of MC and QMC: solve I = [0,1)s Φ(x)dx
Therefore, sample {xi }i=1:N ∈ [0, 1)s
PN
Evaluate IˆN = N1 i Φ(xi )
What about the error of the approximation?
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Monte Carlo and Quasi Monte Carlo point sets

Error rates in MC, QMC and RQMC, see
[Leobacher and Pillichshammer, 2014, Owen, 1997]
• Convergence of |IˆN − I |2 = E(Φ, N)
• For Monte Carlo: E[E(Φ, N MC )] = O(N −1 )
• For quasi Monte Carlo: E(Φ, N QMC )] = O(N −2+τ )
• For randomized quasi Monte Carlo: E[E(Φ, N RQMC )] = O(N −3+τ )
• Note: τ = τ (s) grows with dimension s.
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Monte Carlo and Quasi Monte Carlo point sets

Figure 2: Convergence rate of the error of Monte Carlo, quasi Monte Carlo
and randomized quasi Monte Carlo

• Idea: Use RQMC for the proposal distribution in ABC
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Theoretical results

Asymptotic and non-asymptotic behavior of mixed sequences
Convergence results for mixed sequences
• We investigate the behavior of ABC estimators with mixed
sequences with fixed 
• θ ∼ p(θ), where we will use a (R)QMC point set
• y ∼ p(y |θ), where the simulator generates a MC sample
• θ, y ∼ p(y |θ)p(θ) is a mixed sequence
• Study Var(ẐN ) and Var(Φ̂N )

ẐN =

N
1 X
K (δ(yi , y ∗ ))
N

(3)

i=1

Φ̂N =

1
N

PN

i=1 Φ(θi , yi )K (δ(yi , y
PN
1
∗
i=1 K (δ(yi , y ))
N

∗

))

(4)
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Non-Asymptotic behavior of mixed sequences
• Let  be fixed. Consider the normalization constant of the posterior
R
distribution Z = K (δ(y , y ∗ ))p(y |θ)p(θ)dydθ = p (y ∗ )
• We approximate the constant by the mixed random sample
PN
(θi , yi )i∈{1,...,N} and calculation of ẐN = N1 i=1 K (δ(yi , y ∗ ))
Theorem
Var(ẐN ) ≤ O(N −3+τ ) + O(N −1 )
Proof.
Use decomposition of variance to identify the corresponding terms and
use [Owen, 1997] (Hoelder continuity of conditional expectation).
Var(ẐN ) = Varθ1:N [E[ẐN |θ1:N ]] + Eθ1:N [Var[ẐN |θ1:N ]]
|
{z
} |
{z
}
∼O(N −3+τ )

(5)

∼O(N −1 )
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Non-Asymptotic behavior of mixed sequences

• Consider general importance sampling estimators of the following
form

Φ̂N =

1
N

PN

i=1 Φ(θi , yi )K (δ(yi , y
PN
1
∗
i=1 K (δ(yi , y ))
N

∗

))

(6)

Theorem
Var(Φ̂N ) ≤ O(N −3+τ ) + O(N −1 )
Proof.
Upper bound the variance of the importance sampling estimator by the
variance of the denominator and the numerator as in
[Agapiou et al., 2015]. Apply the same reasoning as before.
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Asymptotic behavior of mixed sequences
• Can we get an asymptotic variance reduction?
• Yes! Multivariate extension of CLT by [Ökten et al., 2006]
Theorem
k
k
k
Let u k = (q1:d
, Xd+1:s
) be a mixed sequence of dimension s where q1:d
is
R
k
the QMC part and Xd+1:s is the random MC part. Let I = [0,1)s f (x)dx
PN
f (u k ) the estimator. If
be the target, IˆN = 1
N
P
Var[ N f (u k )]

k

2
k
limN→∞
= CQMC
is finite, invertible and not dominated by
N
any summand, then

√ 
N IˆN − I →L N (0, CQMC )
(7)

and CQMC  CMC
Conclusion: Using mixed sequences we can achieve an asymptotic
variance reduction. Results hold when using RQMC instead of QMC.
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Application

Toy example: recovering the mean of a Gaussian mixture
y ∗ = 0, y ∼ 12 N (θ, 1) + 12 N (θ, 0.01) and θ ∼ π(·)

Figure 3: Adaptive importance sampling for the ABC target. Comparison of
cost×variance to the SMC-ABC sampler of [Del Moral et al., 2012].
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Inference in a birth-death-mutation process in epidemiology
Results for variance reduction

Figure 4: Adaptive importance sampling for the ABC target. Ratio of
variances of MC-ABC vs. RQMC-ABC for a contracting epsilon schedule.
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Conclusion

Summary

• Replacing the ABC prior by a (R)QMC point set yields direct
variance reduction
• No change in the algorithm necessary ⇒ free lunch!
• Theoretical results consistent with application
• But: The rate of convergence stays the same
• But: The variance reduction vanishes if  goes to zero
• Ongoing work: Apply to more complex models, study properties in
sequential setup
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Thank you for your attention!

Questions?
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